The problem of finding the steady flow of a two-dimensional perfect fluid through a prescribed nozzle into a medium of constant pressure leads to a question on conformal mapping which, if answered affirmatively, should yield a significant generalization of Riemann's mapping theorem. Various special cases of this and of related theorems have been considered in some detail. The reader is referred particularly to the authors cited at the end of this note. 'The strongest known existence theorems on the problem considered'1 3 are based on a hypothesis (i) that the prescribed configuration is symmetric with respect to anl axis. The principal achievement of the present work consists iii removing this restriction. Our results include those of Leray and Weinistein" and overlap those of Garabedian and Spencer.t 3 We shall not here state them inl full generality but shall rather indicate those new features which seem of most interest.
The problem of finding the steady flow of a two-dimensional perfect fluid through a prescribed nozzle into a medium of constant pressure leads to a question on conformal mapping which, if answered affirmatively, should yield a significant generalization of Riemann's mapping theorem. Various special cases of this and of related theorems have been considered in some detail. The reader is referred particularly to the authors cited at the end of this note. 'The strongest known existence theorems on the problem considered'1 3 are based on a hypothesis (i) that the prescribed configuration is symmetric with respect to anl axis. The principal achievement of the present work consists iii removing this restriction. Our results include those of Leray Dirichlet integral for the difference, or variation bf, of the flow functions considered. It prevents the application of the theorem to the problem of existence and uniqueness.
The present work uses a remark, due to Leray,'0 on the behavior of Of in the neighborhood of the separation points. The problem is then reduced to two alternatives, in the first of which a finite Dirichlet integral occurs and in the second of which the result follows from the Phragm6n-Lindelof theorem on harmonic functions. Essential use is also made of the work of Levi-Civita,12 of Weinstein,17' 18 and of Friedrichs.2
Theorem 1 implies that a sufficiently small motion of the walls W can be followed in a unique manner by a change in the flow function f(z). It is easy to show that there is one and only one flowt through a channel defined by two semi-infinite segments. Since channel walls W satisfying condition (ii) can always be deformed continuously into parallel lines, the proof of existence and uniqueness of a flow through W is made to depend on the possibility of following the entire motion of the walls by an appropriate deformation of f(z). This, in turn, requires uniform estimates on the regularity of the flow throughout the motion. At present, we can give these estimates only under the additional assumptions (iii) that the nozzle is convex, i.e., all exterior angles at the intersection points of the wall segments have the sense indicated in the figure, and (iv) that the separation points S and S' can be separated by a horizontal line. Condition (ii) is then equivalent to a restriction on the total curvature K of the nozzle, defined as the sum of all exterior angles at the intersection points of the wall segments.
THEOREM 2. If channel walls W satisfy conditions (iii) and (iv) and if K < 7r, then there is one and only one flow, bounded in part by W and in part by free streamlines A which are characterized by the requirement that the pressure along them be constant. t
The Communicated by Marston Morse, August 11, 1954 In a related note' the flow of a two-dimensional perfect fluid through an asymmetric polygonal nozzle has been considered, and an existence and uniqueness theorem has been stated subject to hypotheses of convexity and of a limitation on the total curvature K of the channel walls. (For appropriate definitions, references to pertinent literature, and orientation the reader is referred to the cited note.)
The present work concerns the flow of a two-dimensional perfect fluid through a symmetric, convex polygonal nozzle; however, no restriction is made on the total curvature of the walls, which is required merely to be finite. Also, self-intersections of a certain type are seen to be permissible. The flows considered may correspondingly be situated on multiply covered regions of the plane.
Definition: A polygonal, symmetric, convex channel wall W will be called admissible provided that it admits a continuous deformation into a channel consisting of two straight parallel walls in such a way that (a) the deformation process is symmetric with respect to the axis of symmetry of W, (3) there is a fixed e > 0 such that all exterior angles remain nonnegative and smaller than ir -E, ('y) the lengths of all wall segments remain bounded away from zero, and (a) the separation points do not meet the channel walls during the deformation.
A channel wall that is not admissible will be termed inadmissible. Examples of admissible and of inadmissible walls are shown in Figure 1 . Only the upper wall and line of symmetry are shown. It is of course possible to give a purely geometrical definition of admissibility. It is easily seen that for inadmissible channel walls there can in general be no nonsingular flow of the type sought.
